Abstract
Introduction
Haptically enabled computer aided mechanical design and training for assembly tasks require life-like haptic feedback to be provided to users while they manipulate rigid virtual objects. Realistic haptic feedback depends on stable and physically meaningful interaction forces to be computed and applied on the user's hand. In essence, it depends equally on the simulation (which computes the virtual forces) and on the haptic controller (which transmits them to the user).
Stable reflection of forces to the user's hand has been guaranteed by existing research through both control and simulation approaches. For example, the "virtual coupler" control [3] , [1] addresses discretization effects and the relationship between the virtual world geometry and the impedance range of the haptic device. Similar to the virtual coupler, the "god-object" [16] and the "virtual proxy" [13] simulation methods decouple the simulation from the device control and enable stable point interaction with rigid virtual environments. More recent control approaches propose to overcome the difficulties related to the variable simulation delay and the non-linearity of the virtual world dynamics using passivity [7] and prediction [2] concepts.
In contrast, the apparent rigidity of virtual environments has been mainly investigated through psycho-physical experiments [11] , [9] . Those experiments have shown that, on contact, abrupt forces reflected to users increase the perceived rigidity of simulated objects. However, little control and simulation research has focused on methods for enhancing the apparent rigidity of virtual worlds. The earliest proposed use of abrupt forces applied to users upon contact, the "braking pulses" [14] , utilize a control approach designed to improve contact stability. The braking pulses arise from a contact model with high initial damping. This apporach is suitable for point interaction with virtual environments. More recently, a simulation approach [5] reflects to users large forces that arise from a planar rigid body collision model. These forces satisfy Poisson's restitution hypothesis in a least squares sense and are not correlated to the change in kinetic energy of the virtual world.
This research proposes a new approach to haptic rendering of rigid body collisions utilizing both simulation and control techniques for rendering. The simulation approach employs a contact model with switching stiffness. The haptic controller coordinates both positions and forces between the virtual world and the device. In the simulation, multiple simultaneous collisions are resolved passively using Newton's restitution hypothesis. Corresponding impulsive forces are applied on the user's hand by the device controller.
In this paper, the contact model that enables collision rendering is presented in Section 2, followed by system dynamics in Section 3 and the passive collision resolution scheme in Section 4. Experiments validating the passivity of the proposed approach are presented in Section 5. Conclusions and future work are discussed in Section 6. 
Contact model
In existing physically motivated simulations, rigid body contacts are modeled as having either infinite or limited stiffness. Infinitely stiff contacts, such as those employed in constraint-based [12] and impulse-based [10] simulations, require variable step size integrators and are not suitable for haptic applications. Contacts with limited stiffness are compatible with fixed time step simulations and are used in many haptic implementations, but do not model collisions. To enable users to feel collisions, this work employs a hybrid contact whose stiffness is infinite during collisions and finite during sustained contact.
The proposed contact model is designed to allow new contacts to be emphasized perceptually (see Figure 1) . When a new contact is formed, it has infinite stiffness and the virtual environment enters a collision state. After the collision has been resolved (using the methods presented in Section 4), the contact stiffness switches to a finite value and the contacting bodies may continue to move towards each other. When another contact is formed and the simulation enters a new collision state, the contact switches back to infinite stiffness unless the contacting bodies are receding from each other. This is necessary in order to ensure that the collision impulses are consistent with the rigid body constraints. In Figure 1 (c), for example, the collision impulse will result in an impulsive clockwise torque (inconsistent with the constaints) unless the stiffness of contact A switches to infinity to match contact B when it occurs.
By switching to infinite stiffness upon new contact formation, the proposed contact model approximates rigid contact closer than a model with limited stiffness (i.e., a penalty-based contact model). Moreover, it enables users to feel collisions, because of the presence of high accelerations. By switching to limited stiffness during sustained contact, the model allows body interpenetration (unlike a model with infinite stiffness, i.e., a constraint-based model). This ensures its compatibility with fixed step size integrators and, therefore, with haptic applications.
Virtual world dynamics
Consider a system of rigid bodies interacting through contacts (modeled as described in Section 2), collectively called a contact group. The virtual object manipulated by the user is called body ½ or the "virtual proxy". In Cartesian coordinates, the second order dynamics of body are described by:
where bold symbols represent vectors and matrices and the following notation is used in Equation (1): Ú and Ú are the body velocity and acceleration, respectively; Á is the ¿¢¿ identity matrix;´Ö ¢µ is the cross product operator; Ö is the position of the -th contact with respect to the center of mass of body ; is the force acting on body at the -th contact; is the number of contacts of body ; is the force due to gravity; The second order dynamics of the contact group are obtained by considering the dynamics of the virtual objects simultaneously:
In Equation (2) When all contacts have limited stiffness, i.e., during sustained contact, interaction forces have a component normal to the contact plane that depends on the contact stiffness, ÓÒØ Ø , and damping, ÓÒØ Ø :
where Ò is the unit normal of the -th contact; × is the separation between the contacting bodies and is negative when the contact exists; and:
is the normal relative velocity at the contact of body with respect to body Ð. Ú Ö Ð is positive if the objects separate (i.e., it is assumed that the contact normal points from body Ð to body ). A component in the contact plane that models dry friction according to any friction model suitable for haptics can be added to this model as in [4] .
When a new contact is formed, all non-receding contacts switch to infinite stiffness and the contact group enters a collision state. This state is resolved using the first order dynamics of the group, obtained from Equation (2) is the impulse of the contact forces and is computed using the method presented in Section 4. In Equation (5), the impulses corresponding to the user, gravity, and centripetal forces are negligible, since collisions are considered instantaneous (i.e., Ø Ø ¼ ). A collision state is rendered to the user through a large force that changes the momentum of the virtual proxy over one step of the haptic simulation by the same amount as the collision impulse:
where
is the contact Jacobian of the virtual proxy and ¡Ø is the time step of the simulation.
This can be viewed as an extension of the braking pulse of [14] from points to rigid bodies.
Collision resolution
A collision state is resolved in this work using an approach based on three assumptions: (i) that the colliding contacts are frictionless (this is a common assumption in rigid body dynamics necessary for tractability of the solution method); (ii) that all contacts have the same restitution properties, ½ ; and (iii), that Newton's restitution hypothesis applies, i.e., at each colliding contact, the pre-and post-collision normal relative velocities obey:
where the index ¼ is used for pre-collision quantities and is the coefficient of restitution. ¾ ¼ ½ is a constant that describes the contact properties during collision.
½ corresponds to a perfectly elastic collision (no energy loss) and ¼ corresponds to a perfectly plastic one (the colliding bodies do not receed from each other after collision). From the assumption of frictionless collisions, it follows that the collision impulse Ê Ø Ø¼ has components only along the directions normal to the colliding contacts:
and the first order dynamics of the contact group becomes:
In Equation ( for each contact and bodies and Ð, the restitution condition imposed in this work requires that:
for each contact and each rigid body velocity. When all colliding contacts are considered simultaneously, the restitution hypothesis becomes:
The momentum-impulse Equation (9) together with the restitution hypothesis in Equation (12) enable the passive resolution of the simultaneous collisions. Two cases must be considered for resolving the collision state: (i) the case of non-redundant colliding contacts, when the frictionless collision Jacobian is full row-rank; and (ii), the case of redundant colliding contacts, when the frictionless collision Jacobian is rank-deficient. If the colliding contacts are non-redundant, the collision state is resolved by computing the collision impulse from Equation (9) after substitution from Equation (12):
Simultaneous redundant collisions are resolved similarly, by using Â ÅÂ Ì Ý
, the pseudo-inverse of the
The passivity of the proposed collision resolution method (both for non-redundant and for redundant collisions) is shown in the Appendix and is validated through experiments in the next section.
Experimental validation

System implementation
In addition to a method for computing collision impulses, haptic rendering of rigid body collisions requires these impulses to be applied on the user's hand. Therefore, coordination of forces is necessary between the virtual world and the device. To observe this constraint, the present work proposes to use a controller that coordinates both forces and positions between the virtual proxy and the user's hand.
The validation of the passivity of the haptic collision rendering approach is performed in this section through experiments carried out using a planar haptic interaction system. In this system, the user applies forces and torques at the center of mass of the virtual proxy through the handle of a twin pantograph planar haptic device that allows unlimited rotation [4] . The experimental virtual world consists of a rectangular virtual proxy moving in an enclosure of walls, as shown in Figure 3 . A controller optimized for transparency coordinates both forces and positions between the virtual proxy and the user's hand [15] . 
Results
The experiment consists of a peg-in-hole task: the user inserts the rectangular virtual proxy in the hole at the top of the virtual world depicted in Figure 3 (whose width is equal to the proxy's length), pushes it against the top wall several times, then extracts it, inserts and pushes it against the top again, and lets go of it. Collisions are considered perfectly plastic ( ¼ ) when they switch to infinite stiffness, and they have stiffness ÓÒØ Ø ½¼¼¼¼ AE Ñ and damping ÓÒØ Ø ½¼¼ AE × Ñ during sustained contact.
The change in proxy's kinetic energy during collisions and the number of simultaneous collisions are monitored in Figure 4 . This change is computed by subtracting the proxy's kinetic energy immediately before the collision impulses are applied to the user's hand from its kinetic energy immediately afterwards. The forces felt by the user during the experiment are shown in Figure 5 .
The results in Figure 4 confirm the passivity of the haptic rendering of rigid body collisions using the approach proposed in this paper. Regardless of whether collisions are non-redundant or redundant (i.e., when four or five collisions are resolved simultaneously), the kinetic energy of the virtual proxy always decreases during a collision state if the collision impulses are computed according to Equations (13) and (14) . Further experimental results validating the passivity of perfectly elastic collisions are presented in [6] , while the realism of the simulation during the interaction between multiple moving bodies is the subject of current investigation. The perceptual advantage of collision rendering is easily observed in Figure 5 . As shown in this figure, the impulsive forces are an order of magnitude larger than the interaction forces developed during sustained contact. Hence, they increase the acceleration of the user's hand correspondingly and, therefore, create an improved perception of contact rigidity [9] .
Conclusions
This work has proposed the haptic rendering of rigid body collisions. Users perceive collisions as large reaction forces that oppose their intended motion when new contacts arise. These large forces, computed using a new passive collision resolution technique, generate large hand accelerations without requiring increased contact stiffness and damping. The passivity of the proposed collision rendering approach is validated through haptic interaction within a planar virtual environment.
Work under way includes passive haptic rendering of rigid body collisions using local models of interaction and the extension of the proposed collision resolution scheme to multiple colliding contacts with varying restitution properties.
Appendix
This section shows that the post-collision kinetic energy of a group of rigid objects interacting through contacts is at most equal to its pre-collision kinetic energy when the collision impulse is given by Equations 13 or (14) .
For non-redundant collisions, the post-collision velocity of the group is: 
Hence, for any value of the coefficient of restitution, the post-collision kinetic energy of the contact group is at most equal to its pre-collision kinetic energy. If the simultaneous collisions are perfectly elastic, i.e., 
